DEFINITION 4. The generalized gradient of Φ is the multiple-valued function assigning to each x Q e D, all y 0 e Fsuch that r=Φ(x o )+ζx-x 0 , y o y is the equation of a gradient hyperplane of φ. If this function is single-valued, it will be called simply the gradient of φ.
REMARK 2. It is trivial to show that if X is a Banach-space, the notion of "gradient" is equivalent with that of "Frechet differential", provided the latter exists and D is an open set (so that the Frechet differential is unique). The advantage of the present treatment is that X need not be a Banach space, and Φ need not be Frechet-differentiable, in order that Φ possess a gradient or generalized gradient. For example: Φ(x) = || x || is a convex but not differentiate function in many of the usual Banach spaces. THEOREM 
The graph E of the generalized gradient of Φ is a monotonic set.
Proof. Let (x 0 , y 0 ) and (x lf yj be elements of E. Then, because every point of the graph of G lies above both gradient hyperplanes, we have
Adding, cancelling, and rearranging, we obtain the desired relation.
COROLLARY. If X is a Hilbert space, so that Y -X, and if Φ is everywhere-defined in X and has a continuous gradient, then the graph of the gradient is a maximal monotonic set.
Proof. Theorem 4 of [3] asserts that a continuous monotonic function from a Hilbert space to itself which has maximal, open domain has a graph which is a maximal monotonic set.
Before pursuing the interesting consequences of this corollary, we first generalize the corollary. following real-valued function of the real variable t:
Clearly/is convex, and also /(0) = 0,/(l) < 0. As is well known ( [1] , p. 46) / has left-and right-hand derivatives for every t, and it is not hard to show that f r (t) is a monotonic non-decreasing function and
Jo
Thus there exists t lf with 0 < t x < 1, such that / r (ίj) < 0. From the fact that A has nonempty interior, we see that A is a convex body, and hence, ([2], p. 72, Prop. 3) there exists a hyperplane of support to A at every boundary-point of A, and in particular at (x 2f Φ(x 2 )), where x 2 = t x x 1% It is easy to show that it is a gradient hyperplane characterized by x 2 and a suitable y 29 so that for any x, Φ(x) ^ φ(x 2 ) + <x -x 2f y 2 y . is not monotonically related to (x 2f y 2 ), which is an element of the graph of the generalized gradient of φ.
To make this theorem useful, we need a sufficient condition for A to have nonempty interior. We state such a condition in the form of a theorem: REMARK 3. In applications of Theorems 2 and 3 to Banach spaces, it is preferable to use the strong topology, since the hypotheses of Theorem 3 are easier to satisfy than with the weak topology.
We now cite some interesting conseqμences of these theorems: Proof. By Theorem 3 of [3] , which asserts that the map (x, y) -> x + y carries a maximal monotonic set onto the Hilbert-space, and is a homeomorphism.
REMARK 4. The latter part of this theorem was known to E. Rothe, and exists (in modified form) in his paper [5] . 
Added in proof.
Further recent information on monotonic functions can be found in [7] and [8] , Also, J.-J. Moreau has pointed out to the writer that the notion of ' 'gradient'' developed here is extremely closely related to the ' 'application prox" whose theory has been expounded by Prof. Moreau in a series of papers, e.q. [9] .
